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Abstract 
A special problem of the frequency of the column loaded in compression is presented. In the case of the linearised 
stability and if the force is close to the elastic critical load, the natural frequency limits to zero. Taking into account the 
nonlinear theory and the real boundary conditions and for the force near the elastic critical load, the natural frequency is 
infinitesimal value. This phenomenon has been proved by an experiment. The special new equipment has been used for the 
experimental verification. The ball-bearing represents the hinge support and after producing of the force using the thread 
bar system the displacement can be observed. 
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1. Introduction 
The confrontation of theoretical and numerical results with the experiment is the base for non-destructive 
methods of identifying the characteristics of the structure. Comparative method of calculated and measured 
frequencies has wide application [1]. Numerical evaluation of natural circular frequency is quite easy operation 
in the case of a linear system. The problem occurs when the actual measurements of frequency are associated 
with the determination of damping characteristics of structures. A specific situation arises in cases of 
constructions for which there is a risk of loss of stability. The stability as a phenomenon is a non-linear 
problem. The formulation of the problem of the combination of stability and dynamics leads to many 
interesting phenomena. The sub-problem of these phenomena is to determine the natural frequency of the beam 
loaded in compression. This article is devoted to this problem. Special attention has been oriented into the 
problem of the edge conditions. The edge conditions during the static behaviour are different to the edge 
condition for the dynamic.    
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2. The natural vibration of the column loaded in compression 
The static behaviour of the column loaded in compression is formulated by the well-known differential equation 
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To highlight the specific problem of vibration of the beam, we continue solving of this example with the 
method of Ritz. 
 
The approximate solution we can assume in the form 
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The total potential energy can be expressed using the well-known method [3, 4]. Furthermore, from the 
conditions of minimum of the total potential energy we get the static solution of the beam loaded in compression  
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Using the Hamilton's principle and assuming the mass in the perpendicular direction only, we get the 
conditional equation in the form 
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the dots represent time derivation and '  is the symbol of increment. 
The solution we can assume in the form  tsin11 ZD'D'  , whereZ  is the natural circular frequency.                                                                   (5) 
Substituting this into the equation (4) the problem of the eigenvalues and eigenvectors can be established 
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The solution gives a result for the square of the natural frequency of the beam loaded in compression 
 F1202  ZZ  where 2420 AlEIPSZ  - is the square of the natural circular frequency of the  beam.          (7) 
 
It is obvious that the initial imperfection enters the nonlinear dependence between the load and deflection 
(Eq.  (3)), but the initial imperfection does not affect its natural frequency Eq. (7)). 
 
 
 
 
 
 
Figure 1: The beam resists the pressure with the fixed sliding support 
Let us formulate now the following problem. Beam is loaded by axial force "F"(Fig. 1), which produces the 
pressure force FN  . At the moment of the monitoring (measuring) the natural circular frequency, we "fix" 
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the sliding support. This change in boundary conditions we take into account assuming 02  D  (Eq. (2), Fig. 1). 
 
The incremental stiffness matrix changes its shape [2, 3] 
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Then the square of the natural frequency of the beam strained by pressure load is given by the equation 
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A
Ir    -  is the radius of inertia of the cross-section of the beam. 
 
It is obvious that in this case the circular frequency is affected by the deformation of the beams, which is a 
function of the load. The results obtained are comprehensively presented in Fig. 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2: Stability and vibration of the imperfect column 
3. Experiment 
Presented theoretical solutions are pointing to a substantial difference in the vibration of the column at the 
moment when the critical load is achieved. Considering sliding supports, the frequency should be zero. When 
supports are fixed the frequency limits in infinity. This curiosity became the main motivating factor for the 
preparation of the experiment. 
 
The equipment for experimental verification of stability and vibration of beams loaded by pressure was 
designed and manufactured. The mechanism is shown in Figs. 3, 4. 
 
The maximum possible length of the tested element is 2.3 m. The force (the load) is produced through the 
screw with a slight gradient (gradient 1.5 mm, average 30 mm), it means the load at the controlled deformation. 
The hinges are created by ball bearings in the jaw.  
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The force was measured by the manometer. Deflections were measured by mechanical displacement 
transducers (range 10 mm), which were fixed to the beam using the magnetic racks. Magnetic stands were 
fixed to the supporting steel structure. 
 
This set-up is able to create and measure the maximum force 20 kN. On this level of the load the amplitude 
distortion of the supporting structure was less than 0.05 mm. This value is negligible compared to the accuracy 
of sentinel transducer. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3: The scheme for the test set-up  
 
In addition to the measurement of forces and displacements the natural frequency has been measured as 
well. To determine the natural circular frequency the following set of the equipments has been arranged: 
• 1- Cartridge amplifier Brüel & Kjær Nexus 2693-014  
• 2-National Instrument NI DAQ Pad - 6015 
• 3-Results were processed using the program created in a software  LabVIEW. The output of this program has 
included the natural frequency, obtained by Fourier series decomposition. 
• 4-Calibrator 
• 5-Accelerometer Brüel & Kjær 4384 V 
4. Measurement procedure 
The tested element - the beam was fixed into the measuring system and small load was implemented (about 
15% of the expected maximum load). Then the load was released to the value close to zero. We measured the 
frequency of the beam in a following way: the hand hit into the beam and the record from the vibration of the 
beam was recorded. The program immediately assessed the frequency. Then sentinel watches were attached to 
both edges and centre of the beam and the appropriate values were subtracted. Then the aggravating act 
followed. The additional load was performed about 20% of the expected peak of the calculated critical force. 
After aggravating the values of sentinel watches were subtracted. Subsequently, sentinel watches were detached 
and fixed in a new position so as not to touch the beam. Then another hit of the beam and measuring the 
frequency followed. Then the values on sentinel watches were subtracted and more aggravating was done. This 
cycle of attachment of the sentinel watches, measuring the deflection, aggravating, measuring the deflection, 
moving the sentinel watches, measuring the frequency, attaching the sentinel watches, was still repeated. When 
we noticed the increasing deformation without growing the pressure force, this force was considered as the 
maximum or the critical force and we acceded to unload. 
Side view 
Tested beam 
Top view 
Screw Ball bearing
Manometer
Tested beam 
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5. Results 
Steel hollow section profile Jäckl 30/15/1.5 mm 
In the case of steel the value of modulus of elasticity and the dimensional weight are constant. When exact 
dimensions of closed sections were measured, small problem occurred in measuring wall thickness. 
 
The dimensions have been specified by measuring of the weight of the profile. The rounded corners were 
considered in specification of cross-sectional features. For further evaluation the following values were used 
 
 
Figure 4: The general view of the test (the static behaviour)   
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Figure 5: The results from the measurements of the steel hollow thin-walled section – Jäckl 
 
Timber beams 
The modulus of elasticity of wood is an open question in analyses of the timber beams. In our 
measurements, we proceeded as follows. We first measured the deformation during the introduction of forces 
to the beam. The value at which we noticed the growth deformation without growth of the forces, we have 
identified as critical load. Since we know the cross-sectional characteristics (the cross section, the moment of 
inertia) as well as the length of the beam, we could evaluate the modulus of elasticity. By measuring of the 
weight of the profile we can easily and accurately evaluate the mass density of wood. Subsequently, the natural 
circular frequency has been evaluated. Two timber beams were investigated. 
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Figure 6: The results from the measurements of timber beams 
6. Conclusion   
The presented results are the first experimental results of measuring the effects of the pressure forces to the 
natural circular frequency of the beam made by the newly created mechanism. Using the ball-bearing for 
modelling of the hinges proved to be appropriate. Likewise, increasing the force via the screw, that i.e. 
controlled deformation or solid loading system also proved to be appropriate. The measurements deflections 
were the problem. The use of sentinel mechanical transducers, their separation detaching from the beam during 
the measurement of frequency and next their subsequent reattaching were very laborious and bringing some 
uncertainty into the calculation. In the future we will focus to the possibilities of contactless measurement of 
deflections and frequency. 
 
However, the obtained results can be described as valuable. Despite that the measurements were 
accompanied with inaccuracies, the obtained results confirmed undoubtedly a phenomenon that the frequency 
of the beam increases when the pressure force is near the critical level. 
 
Stability is still an open problem in the theory of structures. To perform more exact analyses it is necessary 
to have knowledge of the "imperfections" of structures, to know the deviation from the ideal structure shape. 
The obtained results show the possibility of identifying the initial deformations.  
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